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We investigate the impact of a solid sphere onto an ultra-thin polymer sheet floating on water. The
vertical deflection of the sheet’s centre draws material radially inwards, and results in an orthoradial
compression that is relieved by the wrinkling of the entire sheet. Here we show that this wrinkling
is truly dynamic, exhibiting features that are qualitatively different to those seen in quasi-static
wrinkling experiments. In particular, we show that the wrinkles coarsen dynamically, rather than
exhibiting the refinement that has been reported in quasi-static experiments. This difference is due
to the inhibiting effect of the fluid inertia, which also limits the region of the sheet that experiences
a significant vertical deflection. As well as studying the wrinkling in detail, we suggest that the
presence of such thin elastic sheets at interfaces may be an effective way of reducing the splash that
might otherwise be observed.
Wrinkling provides a means of dramatically reconfig-
uring slender structures [1], and offers new opportunities
for controlling and measuring materials in applications
[2] from thin sheet metrology [3–5] to photonic devices
[6, 7]. While the regular wavelength of a wrinkle pattern
is perhaps its most aesthetically appealing feature, it is
also key in such applications. Much work has therefore
focussed on understanding static scenarios, where the
wavelength is determined by energy minimization [4, 8–
10]. The wrinkled state is interesting in its own right: the
hierarchy of energies is somewhat delicate [9, 11] allowing
thin sheets to waste excess length and, in so doing, at-
tain energetically favourable states that would otherwise
be inaccessible [12–14].
Perhaps the simplest experiment that reveals some
of the complexity of wrinkling is the indentation of an
ultra-thin elastic sheet floating at a liquid–air interface
[5, 10, 12, 15, 16]. Indentation draws material radially
inwards, in the process creating compressive stresses in
the azimuthal direction. At a critical indentation, this
compression overcomes the base capillary tension in the
sheet [12], and radial wrinkles form. Beyond the indenta-
tion threshold, these wrinkles become more refined [10],
increasing in number as the indentation depth increases,
before deep folds form [15]. Here, we investigate how this
static picture changes when indentation is performed dy-
namically, via impact.
Dynamic buckling instabilities have been investigated,
among other things, as a route for inducing pattern for-
mation in rigid objects [17–20] and understanding the
fragmentation of brittle objects [21–23]. In particular,
impact on an elastic sheet has been studied both for a
sheet in free-fall [23] and a sheet floating on the surface
of water [24, 25]; in both cases, a longitudinal tensile
wave propagates outwards from the point of impact at
the speed of sound, stretching the sheet, followed by a
transverse wave that propagates through the stretched
domain. A coupling between these two waves leads to an
azimuthal compression that is analogous to that of static
loading and again leads to wrinkling with a wrinkle wave-
length that is fixed and may be understood using static
FIG. 1. A steel sphere (radius Rs = 1.25 mm) impacts a
Polystyrene (PS) sheet (thickness h = 350 nm, radius Rf =
17.15 mm, floating at a water–air interface) at speed V =
0.72 m s−1. A transverse wave propagates radially outwards
from the point of impact, drawing the outer edge of the sheet
inwards by a distance ur(Rf ). The number of radial wrinkles
in the sheet decreases with time (increasing impact depth V t),
in contrast to the static loading of a floating sheet [10, 15].
arguments. Here, we explore similar impact phenomena
in thinner, stiffer sheets and, in doing so, uncover novel
dynamic behaviour.
We investigate dynamic impact on ultra-thin polymer
sheets subject to an applied background stress (provided
by surface tension), see fig. 1 and Supplementary Movie
1 [26]. Polystyrene (PS) sheets of thickness 150 nm ≤
h ≤ 530 nm, Young’s modulus E = 3.46 GPa and Pois-
son’s ratio ν ≈ 0.33 were created by spin coating a PS-in-
toluene solution onto glass slides [4]. The resulting sheets
were cut to have radii 5.5 mm ≤ Rf ≤ 22.7 mm and
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2FIG. 2. Time series of one quadrant of a sheet (h = 450 nm,
Rf = 17.40 mm) impacted by a sphere (radius Rs = 1.75 mm,
V = 1.17 ms−1) and imaged from below. The early onset
of folds is apparent in the images, as is the propagation of
a transverse wave (visible at radius rm) and the coarsening
of the radial wrinkles (increase of the wavelength λ). The
initial position of the sheet edge is shown as the dashed circle,
illustrating the retraction of the edge.
floated on water, with surface tension γlv = 73 mN m
−1
and density ρ ≈ 1000 kg m−3 [35]. Steel spheres, of radii
0.5 mm ≤ Rs ≤ 5.0 mm and density ρs = 7720 kg m−3
were used as impactors; positioned above the centre of
the sheet in a guiding tube (to ensure that the impact
occurred vertically) and released using an electromagnet.
The impact and resulting sheet deformation were imaged
from below using a high-speed camera. The impact speed
0.6 m s−1 . V ≤ 2 m s−1 was measured by imaging the
fall of the sphere from the side. Here, we focus on the
deformation of the sheet that occurs at sufficiently early
times that the velocity of the sphere is not noticeably
affected by impact [26].
The images of fig. 1 show two key dynamic features of
impact. Firstly, the gross vertical deflection of the sheet
(i.e. the shape on which the wrinkles are superimposed)
takes the form of a radially propagating transverse wave.
This wave is analogous to the ripple observed when a
stone is dropped into a pond. Here, however, the lo-
cation of the maximum is polygonal; to avoid changing
the Gaussian curvature of the initially planar sheet, this
portion of the wave front has a number of approximately
cylindrical humps separated by folds. Secondly, wrinkles
form in the region ahead of the transverse wave, and their
wavelength gradually increases — the wrinkles coarsen —
see figs 1 and 2. This is qualitatively different from static
experiments [10], which show that wrinkles become finer
with increasing sheet deformation. We note two addi-
tional departures from static behaviour: in static inden-
tation experiments, wrinkles are initially confined to a
narrow annulus [5, 12], and reach the edge at indenta-
tion depths ∼ 300 µm [16], while folds appear at depths
∼ 600 µm − 2 mm [10, 15]. Both of these features ap-
pear at impact depths smaller by an order of magnitude
(V t ≈ 100 µm) in our dynamic experiments (see fig. 2).
Quantitative results for the propagation of the trans-
verse wave are shown in fig. 3. While the ripples created
by dropping a stone into a pond are known to progress ac-
cording to the inertia–capillary scaling rm ∼ t2/3 [25, 32]
(see black crosses in fig. 3a) we see that in the presence of
an ultra-thin elastic sheet, rm ∼ t1/2 instead. This scal-
ing is reminiscent of the impact of a sphere into a liquid
in the absence of surface tension, for which the contact
point between the liquid and solid rc ≈
√
3(RsV t)
1/2
[33, 34]. However, the behaviour observed here is distinct
from this impact phenomenology since, for example, the
experimentally-measured prefactor in the scaling is de-
pendent on the sheet radius Rf (see inset of fig. 3a). To
explain this scaling, we consider the behaviour at very
early times, when vertical deflections are small and the
effect of gravity on the fluid may be neglected. Since
the fluid is initially at rest and the impact is fast (the
Reynolds number Re = ρV Rs/µ ∼ 103), we assume
that the fluid velocity u = ∇ϕ for some velocity poten-
tial ϕ. The speed of sound in both the solid and liquid
≈ O(103) m s−1, so on time scales t ≥ tsound = Rf/c ≈
10 µs the fluid is incompressible and
∇2ϕ = 0. (1)
At the deformed interface z = w(r, t), we impose a kine-
matic condition
∂ϕ
∂z
=
∂w
∂t
+
∂ϕ
∂r
∂w
∂r
, (2)
together with a dynamic boundary condition relating the
stresses σrr and σθθ in the sheet to the pressure on the
interface p[r, w(r, t), t] via the membrane equation
p = −σrr ∂
2w
∂r2
− σθθ 1
r
∂w
∂r
. (3)
The pressure p is, in turn, related to the velocity potential
ϕ through Bernoulli’s equation
ρ
(
∂ϕ
∂t
+
1
2
|∇ϕ|2
)
+ p = 0. (4)
In writing (3) we have neglected the bending stiffness
of the sheet over the lengthscale of the tranverse wave
(although we note that it is important in selecting the
wrinkle wavelength), and we have also neglected the in-
ertia of the sheet. Both approximations are justified in
the derivation of a more detailed model [31].
To progress further, we note that the PS sheets used
in our experiments are highly bendable [9, 10, 12] and
so cannot sustain substantial compressive stresses. In-
stead, wrinkles form very early on, relaxing the compres-
sive hoop stress so that |σθθ|  σrr. Our experiments
focus on times t ≥ tsound, for which in-plane stresses
are in equilibrium, and so σrr ≈ γlvRf/r [9, 12] (distin-
guishing our experiments from ref. [25] where t . tsound).
We present a detailed study of the resulting equations
elsewhere [31], but focus here on a scaling approach:
Laplace’s equation (1) suggests that the vertical length
scale over which the (infinite) bath of fluid feels the
impact z∗ ∼ rm. The kinematic and dynamic bound-
ary conditions (2) and (3)–(4) respectively then suggest
3FIG. 3. The evolution of the transverse wave for a range of dimensionless sphere radii α = Rs/`∗ in the range 0.34 ≤ α ≤ 4.29
(a) Measurements of the radial position of a capillary wave on a bare interface (×) gives rm ∼ t2/3, different from the behaviour
with an ultra-thin PS sheet (coloured points). Inset: wave propagation depends on Rf (= 5.51 mm for C and 13.30 mm for ◦).
(b) Rescaling the data using the horizontal length scale `∗ = (γlvRf/ρV 2)1/2 and associated timescale t∗ = `∗/V shows that
rm ∼ (`∗V t)1/2, as in (5). The associated theoretical predictions (including prefactors) are shown for α = 0.34 (solid line) and
α = 4.29 (dashed line). (c) The experimental prefactor β = rm/
√
`∗V t in (5) varies with α in a similar way to that predicted
theoretically [31] (solid black line) at sufficiently early times (as defined in the SI). Throughout, data markers are colour coded
according to the value of α in (c); experimental parameters are given in the SI.
that ϕ∗ ∼ rmV and ϕ∗ ∼ γlvRfV t2/(ρr3m), respectively.
Combining these scalings, we find that
rm ∼
(
γlvRf t
2
ρ
)1/4
, (5)
while the height of the wave scales with V t. The typical
curvature of the surface is κ = V t/r2m ∼ 1/
√
γRf/ρV 2,
independent of t. Defining a lengthscale
`∗ = κ−1 =
(
γlvRf
ρV 2
)1/2
, (6)
and time scale t∗ = `∗/V , the scaling in (5) becomes
rm/`∗ = β(t/t∗)1/2, with some dimensionless prefactor
β. We emphasize that the predicted scaling rm ∼ t1/2
derives from the spatially-varying stress σrr ∼ 1/r and
requires the sheet to be highly wrinkled with the stresses
in equilibrium. While the data in fig. 3b confirms the
scaling rm/`∗ ∼ (t/t∗)1/2 it does not collapse onto a
single line; a more detailed analysis [31] shows that the
prefactor β depends on the dimensionless sphere radius
α = Rs/`∗, in agreement with our data (fig. 3c).
While the impacted sheet might be expected to stretch,
in fact γ/(Eh) ∼ 10−4  1 so that the sheets are effec-
tively inextensible. This preserves the length of radial
lines (i.e. the radial strain rr ≈ 0) so that the edge
retraction follows directly from the vertical deflection,
−ur(Rf ) ∼
∫ Rf
0
(∂w/∂r)2 dr ∼ (V t)2/rm, which from
(5) yields
− ur(Rf ) ∼ V 2
(
ρ
γRf
)1/4
t3/2. (7)
This scaling prediction is confirmed by experimental data
(fig. 4a) though, again, the prefactor in (7) depends on
the dimensionless sphere radius α and can be predicted
from a detailed analysis [31]. We note that our assump-
tion of inextensibility (and hence the calculation of radial
retraction) is only valid because the dominant tension
arises from capillarity, in contrast to the dynamic inden-
tation experiments of [25] where impact induces signifi-
cant stretching of the sheet.
The radial retraction of the sheet ur(t) yields an ex-
cess length of material that is accommodated through
wrinkling. We observe that the wavelength λ(t) of these
wrinkles increases in time (see fig. 4b) or, equivalently,
the number of wrinkles decreases. To understand wrinkle
formation and coarsening, we consider a material circle
in the flat portion of the sheet, ahead of the transverse
wavefront. We develop a simplified model by considering
wrinkling in this material circle, driven by the compres-
sive stress arising from radial retraction and moderated
by the bending stiffness B = Eh3/[12(1−ν2)] of the sheet
and the inertia of the underlying fluid. We focus on large
radial positions only, so that the curvature of the sheet
(associated with the transverse wave) may be neglected,
and r  λ. We emphasize that the previously neglected
bending stiffness of the sheet and compressive hoop stress
must both be accounted for over the short lengthscale
associated with wrinkling. We therefore model a freely
floating 1D sheet which is subject to a compressive force
P (t) that mimics the compressive hoop stress σθθ(t), and
evolves as a result of an imposed displacement of its ends
∆(t). The wrinkle coarsening is the result of the sheet
being unable to move the liquid instantaneously, but, un-
like previous studies [27, 28], here the fluid flow is inertial,
not viscous.
We consider a sheet that lies along the x-axis and
model its out-of-plane displacement, w(x, t), using the
beam equation subject to a linearized hydrodynamic
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FIG. 4. The edge retraction and induced wrinkling of the sheet. (a) The sheet’s edge moves radially by an amount ur(Rf ) ∼ t3/2,
corresponding to approximate conservation of radial length (7). The solid line shows the theoretical prediction −ur(Rf )/`∗ =
0.34(t/t∗)3/2, corresponding to α = 1.79 (b) The mean wavelength λ of the radial wrinkles increases with time. The scaling
is motivated by the existence of a short length scale ε1/4`∗ and fast timescale ε1/8t∗ in the asymptotic limit ε → 0 [31]; here
ε = B/(ρV 2`3∗) ≈ 10−4 is a dynamic, inverse bendability [9]. The dashed black line illustrates the scaling (10), while the solid
black curve shows numerical results [31]. λ was measured at r(t) = 0.8
[
Rf − ur(Rf , t)
]
by counting the number of wrinkles
and averaging azimuthally [26]. (c) The number of wrinkles N increases approximately linearly with radial distance from
the point of impact, corresponding to an instantaneous wavelength that is approximately uniform (inset). Data points show
measurements at different times for α = 1.41, while solid lines show the numerical predictions of a reduced one-dimensional
model [31]. Experimental parameters for each figure are given in the SI.
pressure from (4). A balance between the bending stress,
compressive stress and flow induced by wrinkling gives
− ρ∂ϕ
∂t
= B
∂4w
∂x4
+ P (t)
∂2w
∂x2
. (8)
The compressive force P (t) is not known a priori, and is
determined by imposing a confinement∫ pir
−pir
(
∂w
∂x
)2
dx = ∆(t), (9)
which expresses that the sheet wrinkles without changing
its length. From a scaling point of view, the kinematic
boundary condition gives ∂ϕ/∂z ∼ ∂w/∂t. A scaling
analysis of (8) then gives
λ ∼
(
B
ρ
)1/5
t2/5, (10)
so that the wavelength is selected simply by a balance
between bending stiffness and a ‘dynamic substrate stiff-
ness’ associated with fluid inertia. The scaling (10)
gives a reasonable account of our experimental data (see
fig. 4b), although a detailed analysis ([31] and solid curve
in fig. 4b) indicates that the power-law evolution of (10)
may be modified by the geometric constraint (9), as oc-
curs in a related problem [28].
We note that the radial position r and confinement
∆(t) enter only through (9); they therefore determine
the amplitude of the wrinkles but not their wavelength.
Experimentally, we observe that the number of wrinkles
in a material circle increases approximately linearly with
radial distance from the point of impact (fig. 4c), so that
the wavelength is approximately uniform in the outer re-
gion of the sheet at each instant (inset of fig. 4c). This
breaks down in the inner region of the sheet where radial
tension and curvature from the transverse wave provide
additional stiffnesses [10].
We have studied the dynamic wrinkling of a thin elas-
tic sheet floating on a liquid interface, highlighting sev-
eral key features of this motion. In particular, the scaling
rm ∼ t1/2 illustrates the large change in the state of stress
caused by highly developed wrinkling, while the evolution
of the wrinkle pattern is very different to that observed
statically [10, 12]: fluid inertia slows out-of-plane defor-
mation of the sheet, selecting a dynamically evolving,
but approximately uniform wrinkle wavelength. Finally,
we ask when the wrinkle pattern is determined dynam-
ically, rather than quasi-statically: for highly bendable
sheets, the time scale over which wrinkles develop is much
smaller than the time scale of the propagating wave [31]
and so the requirement for dynamic wrinkle evolution is
that rm  Rf , i.e. δ = V t (ρV 2R3f/γ)1/2/β2.
This dynamic wrinkling may provide new means of
controlling wrinkle patterns in a range of applications
[6, 7]. Furthermore, the presence of a sheet also alters
the dynamics of impact at later times: impact may ul-
timately submerge the sheet, or the sheet may rebound
trapping the sphere at the interface. In both cases, the
presence of the sheet may suppress the collapse of an
air-filled cavity after impact and the subsequent forma-
tion of a Worthington jet [36] (see Supplementary Movie
2 [26]). Floating sheets could therefore find application
as simple but effective anti-splash devices [37, 38] in naval
and aerospace engineering, as well as in industrial coat-
ing processes [39], much as they do in more quotidian
5scenarios [26].
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